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Schwinger’s principle in Einstein-Cartan gravity

Nikodem Poptawski
Department of Physics, University of New Haven,
300 Boston Post Road, West Haven, CT 06516, USA*

By applying Schwinger’s variational principle to the Einstein-Cartan action for the gravitational
field, we derive quantum commutation relations between the metric and torsion tensors.

The field equations of a classical theory are obtained in Hamilton’s principle of stationary action by varying the
action with respect to every variable ¢ and equating such a variation to zero for an arbitrary variation d¢. Equivalently,
we calculate the variation of the Lagrangian density in the action integral and perform integration by parts. Then we
apply the Gauf}-Stokes theorem and assume d¢ = 0 on the boundary of the integration domain. Finally, we equate
to zero the coefficients of d¢ inside the integration domain [1].

In a quantum theory, Hamilton’s principle is generalized to Schwinger’s variational principle, according to which
the variation of the transition amplitude between an initial state ;) and a final state |ay) is ¢/h times the matrix
element connecting the two states of the variation 61 of the action integral I [2, 3]:

Slaslas) = +lagl311as). 1)

If Schwinger’s principle is applied to variations which vanish on the boundary of the integration domain, the left-hand
side of (1) is equal to zero. Since the states |a;) and |a) are arbitrary, the operator 41 vanishes, giving the principle
of stationary action in an operator form. If Schwinger’s principle is applied to variations which vanish only for the
initial state, the effect of the variation in the Schrédinger picture is to apply a unitary operator U = 1 + (i/h)dI to
the adjoint final state, which is equivalent to applying the Hermitian conjugate UT to the final state, |af) — UT|ay).
In the Heisenberg picture, the effect of this variation is to apply to any operator O acting on the final state a unitary
transformation O — UOU ! = O — (i/h)[O, §I], where square brackets denote a commutator. Schwinger’s variational
principle is thus equivalent to [2—4]

60 = ~ 5[0, 01]. (2)

For a particle in quantum mechanics, we substitute a coordinate operator g; for O and use the formula for the
action as a function of the coordinates and time at the final state, 61 = ¢ [ Ldt = ) p;0q; — Hdt, where L is the
Lagrangian, p; = 0L/0q; denotes the generalized momentum corresponding to the generalized coordinate g;, and
H =" pj;4; — L is the Hamiltonian [5]. The term 47 is the variation of the action at the boundary of the integration
domain (over time). If we consider a variation in which only the coordinates ¢; are changed, then 6I = > p;dq;
and Schwinger’s principle (2) gives d¢; = —(i/h)[q:, > p;0q;], which is satisfied if [¢;, ¢;] = 0 and [¢;, p;] = ihd;;. By
adding to the action I a quantity — Y p;q;, we bring its variation to §I = — " ¢;0p;. Schwinger’s principle (2) gives
dpi = (i/h)[pi, Y q;0p,], which is satisfied if [p;, p;] = 0 and [p;, ¢;] = —ihd;;. Schwinger’s principle therefore gives the
canonical commutation relations of quantum mechanics [2—4].

For the electromagnetic field, the Lagrangian density is equal to £ = (1/4) [ F,,, F**\/=g, where F},,, = 9,,A,—0, A,
is the electromagnetic field tensor, A, is the electromagnetic potential, and g = det(g,, ) is the determinant of the
metric tensor g,, [6, 7]. The action is thus equal to I = —(1/4c) [ F,, F*"\/—gdS2, where d) is an element of four-
volume. The variation of the actions is given by 61 = —(1/c) [ FF8,0A,/—gdQ = —(1/c) [0, (F"\/=gdA,)d2 +
(1/c) [0 (FM\/=9)0A,dQY = —(1/c) § FH\/=gdA,df, + (1/c) [ 0.(F*\/=g)0A,dSQ), where df, is an element of the
closed hypersurface surrounding the integration four-volume. We can consider a volume hypersurface df,, = 52dV,
where dV is an element of volume. We also use g = —gooy, where v = det(va3) is the determinant of the spatial metric
tensor Vo3 = —gag+ goagos/goo [6, 7). The hypersurface term which should be used in Schwinger’s principle (2) is thus
61 = —(1/c) [ /900F*?6Az\/7dV. This principle gives §Aq(x,t) = (i/hc)[Aa(x,t), [(/GooF P8 Az/7)(x',t)dV],
which is satisfied if [Aa(x, 1), g (X', 1)] = [Aa(x,t), Ag(x/,t)] = 0 and [An(x,t), (/Goo F°P /7)) (X', t)] = —ihcdBd(x —
x’). Defining the spatial vector of the electric field, E* = —,/goo F' 9 (such a vector appears in the Maxwell equations
in curved space) [6], gives [Aq(x,t), B?(x/,t)] = ihcdS8(x—x') /\/7(x), which generalizes to curved space the canonical
commutation relations of electrodynamics [2, 4].
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For the gravitational field, we use the Einstein-Cartan theory of gravity, which naturally extends the general theory
of relativity to matter with intrinsic angular momentum (spin) [7, 8]. In this theory, the affine connection I'f,
is not constrained to be symmetric. Its antisymmetric part, the torsion tensor S?,, = I‘[#p L is a variable in the
principle of stationary action. Square brackets denote antisymmetrization. Regarding the metric and torsion tensors
as independent variables gives the correct generalization of the conservation law for the total (orbital plus intrinsic)
angular momentum to the presence of the gravitational field [7, 8]. Including torsion also removes the curvature
singularity at the big bang and replaces it with a nonsingular bounce [9], solves the flatness and horizon problems in
cosmology [10], and requires fermions to be spatially extended, which may provide an ultraviolet cutoff in quantum
field theory [11].

We use the notations of [7]. The metricity condition g,,,.,, where semicolon denotes the covariant derivative with
respect to I' £, gives I" /,, = {0, } + C?,,,, where { £, } = (1/2)9"° (guo,v + Gvo.u — Guw,s) are the Christoffel symbols of

the metric, g"” is the contravariant metric tensor, and C¥,, = S°,, —I—QS’(W)’) is the contortion tensor. Round brackets

denote symmetrization. The curvature tensor R o = Fp)\v, p— T p/\uyu +T p‘TUI‘U)‘# — FP‘T#I‘U)‘V, where comma denotes

a partial derivative over coordinates, can be thus decomposed as RAPW = PAp;w + C)‘p v — CAP v T CUPUCAU# -
e, MCAUV, where P)\p;w is the curvature tensor constructed from the Christoffel symbols (the Riemann tensor) and
colon denotes the covariant derivative with respect to {,f,} [7, 12]. The Lagrangian density for the gravitational field
in the Einstein-Cartan theory of gravity is the same as in the general theory relativity, £ = —(1/2k)R,.6""/—9,

where Ry, = R, ,, is the Ricci tensor. The Einstein-Cartan action is thus given by [7]

1 174 1 17 g g
I= T 9%ke /Ruugu V—gdf) = T e /9” (Puv — QOpr - Opupc vo T O”WC VP) vV —gdf2

2KcC

1 1
=—— [ g™ (P — C?,C%6 +C*,eC%,,) /—gdQ) + — /(QWCPW, /—g) ,d. (3)

The last term in (3) can be written as a hypersurface integral,

2
_ Hnv
Is = P /g S;,Ldfllu (4)

v 1is the torsion vector.

where g = /—gg"" is the contravariant metric tensor density and S, = 5",
Let us consider the variation of the action with respect to the torsion tensor. Such a variation at the boundary of

the integration domain is thus equal to

2 2
== ny == 40
olg e /g 05,.df, s /g 4S,dV. (5)
Substituting this variation as 61 into Schwinger’s principle (2) for O = S, gives
9
38,0,1) =~ o Syt [ (67008, 600", )
which is satisfied if
[S#(X, t)aSl/(X/at)] =0 (7)
and
[S,.(x, 1), g0 (', 1)] = %fmca;;a(x —x') = 4mil35,8(x — x'), (8)

where [p is the Planck length.

The quantum commutation relation (8) between the metric and torsion indicates that: 1) the components gh® of
the metric tensor cannot be zero, and 2) the torsion vector cannot be zero. Accordingly, exact spherically and axially
symmetric gravitational fields do not exist in the quantum theory. In the classical Einstein-Cartan theory of gravity
coupled to spinors, the only irreducible components of the torsion tensor that do not vanish are the components of the
completely antisymmetric torsion tensor, so the torsion vector vanishes. The relation (8) therefore endows spacetime,
even in vacuum, with intrinsic torsion.
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