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R. SHARMA AND L. VRANCKEN
KODAI MATH. J.
33 (2010), 267–282

CONFORMAL CLASSIFICATION OF ðk; mÞ-CONTACT MANIFOLDS

Ramesh Sharma and Luc Vrancken

Abstract

First we improve a result of Tanno that says ‘‘If a conformal vector field on a

contact metric manifold M is a strictly infinitesimal contact transformation, then it is an

infinitesimal automorphism of M’’ by waiving the ‘‘strictness’’ in the hypothesis. Next,

we prove that a ðk; mÞ-contact manifold admitting a non-Killing conformal vector field

is either Sasakian or has k ¼ �n� 1, m ¼ 1 in dimension > 3; and Sasakian or flat

in dimension 3. In particular, we show that (i) among all compact simply connected

ðk; mÞ-contact manifolds of dimension > 3, only the unit sphere S2nþ1 admits a non-

Killing conformal vector field, and (ii) a conformal vector field on the unit tangent

bundle of a space-form of dimension > 2 is necessarily Killing.

1. Introduction

An m-dimensional Riemannian manifold ðM; gÞ admitting a maximal, i.e.
an ðmþ 1Þðmþ 2Þ=2-parameter group of conformal motions is conformally flat.
We know (Okumura [8]) that a conformally flat Sasakian (normal contact metric)
manifold is of constant curvature 1. Hence the existence of a maximal conformal
group places a severe restriction on the Sasakian manifold. Therefore one would
like to examine the e¤ect of the existence of a 1-parameter group of conformal
motions generated by a conformal vector field on a Sasakian manifold, and more
generally on a contact metric manifold ðM; h; x; j; gÞ, where h is a contact 1-form,
x the Reeb vector field, j the fundamental collineation tensor and g an associated
metric. We will assume M to be connected throughout this paper. We first
recall the following definition (Tanno [11]): A vector field V on a contact mani-
fold ðM; hÞ is said to be an infinitesimal contact transformation if

£Vh ¼ shð1Þ
where £V denotes Lie-derivative operator along V and s a smooth function on
M. V is strictly infinitesimal contact transformation when s ¼ 0. We also say
that a vector field on a contact metric manifold is an infitesimal automorphism if
it leaves h, x, g and j invariant. In [11] Tanno proved the following result.
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Theorem (Tanno). If a conformal vector field on a contact metric manifold
M is a strictly infinitesimal contact transformation, then it is an infinitesimal auto-
morphism of M.

In this paper we generalize this result and prove

Theorem 1. Let V be a conformal vector field on a contact metric manifold
M. If V is an infinitesimal contact transformation, then V is an infinitesimal
automorphism of M.

Next we recall the following result of Okumura [9], which shows that the existence
of a non-Killing vector field places a very severe condition on a Sasakian manifold
of dimension > 3.

Theorem (Okumura). Let M be a Sasakian manifold of dimension > 3,
admitting a non-Killing conformal vector field V. Then V is special concircular.
If, in addition, M is complete and connected, then it is isometric to a unit sphere.

Its proof uses the following result of Obata [6].

Theorem (Obata). A necessary and su‰cient condition for a complete
connected Riemannian manifold ðM; gÞ to be isometric to a Euclidean sphere of

radius
1

c
is that it admits a non-trivial solution f of the system of di¤erential

equations ‘‘f ¼ �c2fg.

Okumura’s result motivates us to examine the existence of a conformal vector
field on a more general class of contact metric manifolds Mðh; x; j; gÞ satisfying
the following nullity condition:

RðX ;Y Þx ¼ kðhðYÞX � hðXÞY Þ þ mðhðYÞhX � hðXÞhY Þð2Þ
where X , Y are arbitrary vector fields on M, R the curvature tensor, k, m real
constants and h ¼ 1

2 £xj is a self-adjoint trace-free tensor of type ð1; 1Þ. Such
manifolds were introduced by Blair, Koufogiorgos and Papantoniou [3], and are
called ðk; mÞ-contact manifolds. These manifolds include Sasakian manifolds
(for which k ¼ 1 and h ¼ 0) and the trivial sphere bundle Enþ1 � Snð4Þ. Such

manifolds are invariant under a D-homothetic deformation: h ¼ ah, x ¼ 1

a
x,

j ¼ j, g ¼ agþ aða� 1Þhn h, which deforms a contact metric structure ðh; x; j; gÞ
to another contact metric structure ðh; x; j; gÞ (see Tanno [12]). The case when
ðk; 0Þ-contact manifold admits a conformal vector field was covered by Sharma
and Blair [10] who proved the following.

Theorem (Sharma-Blair). Let V be a non-Killing conformal vector field on a
ðk; 0Þ-contact manifold M. For dim:M > 3, M is Sasakian and V is concircular,
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and hence if M is complete then it is isometric to a unit sphere. For dim:M ¼ 3,
M is either Sasakian or flat.

We note that the set of all ðk; 0Þ-contact manifolds is not closed under a D-
homothetic deformation, whereas the set of ðk; mÞ-contact manifolds is closed under
a D-homothetic deformation. This fact intrigues us to generalize the result of
Sharma and Blair on ðk; mÞ-contact manifolds. We accomplish it by proving the
following conformal classification of such manifolds.

Theorem 2. Let a ðk; mÞ-contact manifold ðM; h; x; j; gÞ admit a non-Killing
conformal vector field V. For dim:M > 3, (i) M is Sasakian and V is concircular,
in which case if M is complete then it is isometric to a unit sphere, or (ii) m ¼ 1,
k ¼ �n� 1. In addition, if M is compact, then it is isometric to the unit sphere
S2nþ1.

Corollary. Let T1M be the unit tangent bundle over a Riemannian
manifold M ðdim:M > 2Þ of constant curvature c and g be the standard contact
metric on T1M. Then a conformal vector field on ðT1M; gÞ is necessarily Killing.

2. Review of contact manifolds and conformal vector fields

A ð2nþ 1Þ-dimensional smooth manifold M is said to be a contact manifold
if it carries a global 1-form h such that h5ðdhÞn 0 0 everywhere on M. For a
given contact 1-form h there exists a unique vector field x (the Reeb vector field)
such that dhðx;X Þ¼ 0 and hðxÞ ¼ 1. Polarizing dh on the contact subbundle
h ¼ 0, one obtains a Riemannian metric g and a ð1; 1Þ-tensor field j such that

dhðX ;YÞ ¼ gðX ; jYÞ; hðXÞ ¼ gðX ; xÞ; j2 ¼ �I þ hn xð3Þ
g is called an associated metric of h and ðj; h; x; gÞ a contact metric structure.
The tensor h ¼ 1

2 £xj is known to be self-adjoint, anti-commutes with j, and
satisfies: Tr:h ¼ Tr:hj ¼ 0. The contact structure on M is said to be normal
if the almost complex structure on M � R defined by JðX ; fd=dtÞ ¼
ðjX � f x; hðXÞd=dtÞ, where f is a real function on M � R, is integrable. A
normal contact metric manifold is called a Sasakian manifold. For a Sasakian
manifold, we have

RðX ;YÞx ¼ hðY ÞX � hðXÞYð4Þ
For a ðk; mÞ-contact manifold defined in Section 1,

h2 ¼ ðk � 1Þj2; Qx ¼ 2nkxð5Þ
For a ðk; mÞ-contact manifold with k < 1, we also have the following formulas for
Ricci tensor ([3])

RicðX ;Y Þ ¼ ð2n� 2� nmÞgðX ;YÞ þ ð2n� 2þ mÞgðhX ;YÞð6Þ
þ ð2� 2nþ 2nk þ nmÞhðX ÞhðY Þ
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and the scalar curvature

r ¼ 2nð2n� 2þ k � nmÞð7Þ
For details we refer to Blair [1].

A vector field V on an m-dimensional Riemannian manifold ðM; gÞ is said to
be a conformal vector field if

£Vg ¼ 2rgð8Þ
for a smooth function r on M. Denoting the gradient vector field of r by Dr
and the Laplacian �div:Dr by Dr we have the following integrability conditions
for the conformal vector field V (Yano [13]):

ð£VRÞðX ;Y ;ZÞ ¼ �ð‘‘rÞðY ;ZÞX þ ð‘‘rÞðX ;ZÞYð9Þ
� gðY ;ZÞ‘XDrþ gðX ;ZÞ‘YDr

ð£VRicÞðX ;YÞ ¼ �ðm� 2Þð‘‘rÞðX ;Y Þ þ ðDrÞgðX ;YÞð10Þ
£Vr ¼ 2ðm� 1ÞDr� 2rrð11Þ

where m ¼ dim:M and X , Y , Z denote arbitrary vector fields on M.

3. Proofs of the theorems

First we prove

Lemma 1. If V is a conformal vector field on a contact metric manifold, then
(i) ð£VhÞðxÞ ¼ r and (ii) hð£VxÞ ¼ �r.

Proof. Taking the Lie-derivative of gðx; xÞ ¼ 1 along V and using equation
(8) we get (ii). Lie-di¤erentiating hðxÞ ¼ 1 along V gives (i).

Proof of Theorem 1. Lie-di¤erentiating hðXÞ ¼ gðX ; xÞ along V and using
the hypothesis, £Vh ¼ sh provides £Vx ¼ ðs� 2rÞx. Operating this equation by h
and using the part (ii) of Lemma 1 shows that s ¼ r. Thus we have

£Vh ¼ rh; £Vx ¼ �rxð12Þ
Operating the first equation in (12) by d, using the commutativity of d with £V ,
and using the first equation in (3) gives

ð£V dhÞðX ;YÞ ¼ 1

2
½ðXrÞhðY Þ � ðYrÞhðX Þ� þ rgðX ; jYÞ

Now Lie-di¤erentiating the first equation of (3) along V and using it in the above
equation we obtain

ðXrÞhðYÞ � ðYrÞhðXÞ ¼ 2½rgðX ; jY Þ þ gðX ; ð£VjÞY Þ�ð13Þ
Substituting x for Y and using the second equation in (12) we find that
dr ¼ ðxrÞh. Operating it by d, using Poincare lemma ðd 2 ¼ 0Þ, and then taking

270 ramesh sharma and luc vrancken



wedge product with h yields ðxrÞh5ðdhÞ ¼ 0. By definition of contact struc-
ture, h5ðdhÞ0 0 anywhere on M. Hence xr ¼ 0. Consequently, dr ¼ 0, i.e. r
is constant. Thus equation (13) reduces to

£Vj ¼ �rj:ð14Þ
Next, taking Lie-derivative of the last equation in (3) along V , and using (12) and
(14) we get rj2 ¼ 0. Hence r ¼ 0, i.e. V is Killing. It also follows from (12)
that V leaves h and x invariant. This completes the proof.

In order to prove Theorem 2 we need the following lemmas.

Lemma 2. Let M be a ðk; mÞ-contact manifold admitting a conformal vector
field V , and ðeiÞ a local orthonormal frame on M. Then (i) gðð£VhÞei; eiÞ ¼ 0, (ii)
gðð£VhÞhei; eiÞ ¼ 0 (i is summed over 1; . . . ; 2nþ 1).

Proof. As h is trace-free, we have gðhei; eiÞ ¼ 0. Taking its Lie-derivative
along V gives

gðð£VhÞei; eiÞ þ 2gðh£Vei; eiÞ ¼ 0ð15Þ
At this point, we let ðeiÞ be a j-adapted frame ðea; jea; e2nþ1 ¼ xÞ ða ¼ 1; . . . nÞ
such that hea ¼ lea, hjea ¼ �ljea (where l ¼

ffiffiffiffiffiffiffiffiffiffiffi
1� k

p
Þ. This setting makes

sense in view of the first equation in (5). Then gðh£Vei; eiÞ ¼ gðh£Vea; eaÞþ
gðh£Vjea; jeaÞ ¼ l½gð£Vea; eaÞ � gð£Vjea; jeaÞ� ¼ 0. Using this in (15) we obtain
(i). For (ii) we first note that gðð£VhÞX ;YÞ ¼ gðð£VhÞY ;XÞ, as V is confor-
mal and h is self-adjoint. Now, gðð£VhÞhei; eiÞ ¼ gðð£VhÞei; heiÞ ¼ gð£Vhei; heiÞ�
gð£Vei; h2eiÞ. Using the first equation in (5) we find that gð£Vhei; heiÞ ¼
2nðk � 1Þr and gð£Vei; h2eiÞ ¼ �2nðk � 1Þr. Summing up, we get gðð£VhÞhei; eiÞ
¼ 0 completing the proof.

Lemma 3. On a ðk; mÞ-contact manifold M,

Rðjei; eiÞY ¼ �2ðk þ nmÞjYð16Þ
for an arbitrary vector field Y on M.

Proof. We first recall the formula from [3]:

RðX ;YÞjZ � jRðX ;YÞZ ¼ ½ð1� kÞðhðX ÞgðjY ;ZÞ � hðYÞgðjX ;ZÞÞ
þ ð1� mÞðhðXÞgðjhY ;ZÞ � hðYÞgðjhX ;ZÞÞ�x
� gðY þ hY ;ZÞðjX þ jhX Þ
þ gðX þ hX ;ZÞðjY þ jhY Þ
� gðjY þ jhY ;ZÞðX þ hX Þ
þ gðjX þ jhX ;ZÞðY þ hY Þ
� hðZÞ½ð1� kÞðhðXÞjY � hðY ÞjXÞ
þ ð1� mÞðhðXÞjhY � hðYÞjhX Þ�
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Substituting X ¼ ei in the above equation, taking inner product with ei and
summing over i we get

RicðY ; jZÞ � gðjRððei;YÞZ; eiÞð17Þ
¼ ð2� 2n� kÞgðjY ;ZÞ þ ð2� 2n� mÞgðjhY ;ZÞ

Now, gðjRðei;YÞZ; eiÞ ¼ �gðRðei;Y ÞZ; jeiÞ which can be expressed in terms
of the h-eigen basis (ea; jea; e2nþ1 ¼ x such that hea ¼ lea, hjea ¼ �ljea where

l ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� k

p
) as gðRðea;Y ÞZ; jeaÞ � gðRðjea;YÞZ; eaÞ ¼ �gðRðea;YÞjea;ZÞ�

gðRðY ; jeaÞea;ZÞ ¼ gðRðjea; eaÞY ;ZÞ (through Bianchi identity). We also note
that gðRðjei; eiÞY ;ZÞ ¼ 2gðRðjea; eaÞY ;ZÞ. Hence, we get gðjRðei;Y ÞZ; eiÞ ¼
� 1

2 gðRðjei; eiÞY ;ZÞ. Using this and (6) in (17) we obtain (16), completing the
proof.

Proof of Theorem 2. If k ¼ 1, then M is Sasakian, in which case Okumura’s
theorem applies and the corresponding conclusion follows. So, let k < 1. Tak-
ing the Lie-derivative of (2) along V and using (9) we get

RðX ;Y Þ£Vx ¼ gð‘xDr;YÞX � gð‘xDr;XÞYð18Þ
þ hðY Þ‘XDr� hðXÞ‘YDr

þ k½2rgðx;YÞX þ gð£Vx;YÞX � 2rgðx;X ÞY � gð£Vx;XÞY �
þ m½2rgðx;Y ÞhX þ gð£Vx;Y ÞhX þ gðx;YÞð£VhÞX
� 2rgðx;X ÞhY � gð£Vx;X ÞhY � gðx;XÞð£VhÞY �

Substituting x for X and using (2) in the above equation yields

‘YDr ¼ gð‘xDr;YÞx� gð‘xDr; xÞY þ hðY Þ‘xDrð19Þ
� mgðh£Vx;YÞxþ 2krhðY Þx� 2krY

þ mhðY Þð£VhÞx� 2mrhY � mð£VhÞY

Substituting ei for Y , taking inner product with ei, summing over i ¼
1; . . . ; 2nþ 1, and using part (i) of Lemma 2 we have

Dr ¼ �
X2nþ1

i¼1

gð‘eiDr; eiÞ ¼ 4nkrþ ð2n� 1Þð‘‘rÞðx; xÞð20Þ

The use of equation (19), first equation in (5) and part (ii) of Lemma 2 enables us
to obtain

X2nþ1

i¼1

gð‘heiDr; eiÞ ¼ 4nðk � 1Þmrð21Þ
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Now, Lie-di¤erentiating (6) along V and using (10) we have

ð2n� 1Þgð‘XDr;YÞ ¼ ð2� 2nþ k þ nmÞrgðX ;Y Þð22Þ
þ ð2� 2n� mÞ½2rgðhX ;Y Þ þ gðð£VhÞX ;YÞ�
þ ð2n� 2� 2nk � nmÞ½ð£VhÞðXÞhðYÞ þ ð£VhÞðY ÞhðX Þ�

Substituting X ¼ hei, Y ¼ ei in the above equation and summing over i, using
part (ii) of Lemma 2 and using (19) we obtain 2rðk � 1Þðn� 1Þðm� 1Þ ¼ 0. As
k < 1 and V is non-Killing by hypothesis, it follows that either (a) m ¼ 1 or (b)
n ¼ 1, i.e. dim:M ¼ 3. In the following discussion we will pursue the case (a).
Let us go back to equation (18), substitute X ¼ jei, Y ¼ ei, and sum over i in
order to get

Rðjei; eiÞ£Vx� gð‘xDr; eiÞjei þ gð‘xDr; jeiÞei
¼ k½gð£Vx; eiÞjei � gð£Vx; jeiÞei� þ ½gð£Vx; eiÞhjei � gð£Vx; jeiÞhei�

where the first term has summation over i. Simplifying the right hand side
reduces the above equation to

Rðjei; eiÞ£Vx ¼ 2½j‘xDrþ kj£Vxþ hj£Vx�

Using Lemma 3 in the above equation yields

ðnþ 2kÞj£Vx ¼ �j‘xDr� hj£Vxð23Þ

We also have from equation (22) that

ð1� 2nÞð‘‘rÞðx; xÞ ¼ ð2� 2n� k þ nþ 4nkÞrð24Þ

Now substituting X ¼ ei in equation (18), taking inner product with ei, summing
over i, and then using equation (6) and also Lemma 2, we get

ðn� 2� 2nkÞ£Vxþ ð2n� 1Þh£Vxþ ½2n� 4� 6nk þ k�rxþ ð1� 2nÞ‘xDr ¼ 0

Operating the above equation by j gives

ð2n� 1Þ½j‘xDrþ hj£Vx� ¼ ðn� 2� 2nkÞj£Vx

Now comparing this with (23) provides

½ðn� 2� 2nkÞ þ ð2n� 1Þð2k þ nÞ�j£Vx ¼ 0

which shows that either (i) the constant within brackets vanishes, which simplifies
to k ¼ �n� 1, or (ii) £Vx is a function multiple of x, which, by Theorem 1,
implies that V is Killing, contradicting our hypothesis. Thus we conclude that
case (a) has k ¼ �n� 1. To prove the last part which assumes M to be compact,
we use formula (6) and the first equation in (5) to show that the norm of the
Ricci tensor is constant. We also have from (7) that the scalar curvature is
constant. Hence, by the following result of Lichnerowicz [5] ‘‘If a compact
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Riemannian manifold of dimension m > 2 admitting a non-Killing conformal
vector field has scalar curvature and norm of Ricci tensor both constant, then it is
isometric to a sphere’’ we conclude that M is isometric to a sphere and hence of
constant curvature. But a contact metric manifold of constant curvature is a
Sasakian manifold of curvature 1 in dimension > 3 (Olszak [9]). Therefore, M is
isometric to a unit sphere.

Proof of the Corollary. We know [3] that if the base manifold M has
constant curvature c, then T1M is a ðk; mÞ-contact manifold with k ¼ cð2� cÞ,
m ¼ �2c. If T1M has a non-Killing conformal vector field, then Theorem 1
implies that either (i) it is a Sasakian ðc ¼ 1Þ manifold of dimension > 3 and
isometric to the unit sphere, or (ii) k ¼ �n� 1, m ¼ 1. In case (i) T1M is
conformally flat and hence M has dimension 2, by a theorem of Blair and
Koufogiorgos [2]. Thus case (i) is ruled out. Case (ii) is not compatible with
the condition k ¼ cð2� cÞ, m ¼ �2c, and hence ruled out. This completes the
proof.

Remark. The conclusion (ii) of Theorem 2 seems accidental and patho-
logical, and gets ruled out in special cases, for example when M is compact.
There is another situation in which (ii) can be ruled out. Under the conclusion
(ii), equation (7) reduces to r ¼ �6n. Use of this in (11) shows Dr ¼ �3r. Now

Dr2 ¼ �‘ i‘ir
2 ¼ �2½ð‘ irÞð‘irÞ þ rð‘ i‘ir�

¼ �2½jDrj2 � rDr�

Hence we obtain

Dr2 ¼ 2½jDrj2 þ 3r2�ð25Þ

If we assume M to be complete, and jDrj and r both L2-integrable over M, then
by Ga¤ney’ theorem [4] we have

Ð
M
Dr2 dv ¼ 0 ðdv denotes the volume element

of MÞ. Hence, integrating (25) over M we conclude that r ¼ 0, contradicting
our hypothesis.

In general, the contact metric in case (ii) can be D-homothetically deformed to
the standard metric of a unit tangent bundle of a space of constant curvature

c ¼ 1� 2
ffiffiffiffiffiffiffiffiffiffiffi
nþ 2

p

1þ 2
ffiffiffiffiffiffiffiffiffiffiffi
nþ 2

p . This can be shown by using the fact that a ðk; mÞ-contact

metric gets D-homothetically deformed to a ðk; mÞ-contact metric such that

k ¼ k þ a2 � 1

a2
, m ¼ mþ 2a� 2

a
(see [3]). Substituting k ¼ �n� 1, m ¼ 1 and

requiring ðk; mÞ-contact metric to be the standard metric on the unit tangent
bundle of a space of constant curvature c, so that k ¼ cð2� cÞ, m ¼ �2c, we
obtain the aforementioned value of c. We note that in this case c lies in the
open interval ð�1; 0Þ.
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So far we have confined our attention to contact ðk; mÞ-manifolds M of
dim:M > 3. The next section addresses the 3-dimensional case.

4. The three dimensional case

In this section we resolve the 3-dimensional case using Lie-algebra theoretic
approach. We take a vector field E1 corresponding to the positive eigenvalue of
h ¼ 1

2 £Vj. We take E2 ¼ jE1 and E3 ¼ x. It follows immediately that

½E1;E2� ¼ 2E3 ½E3;E1� ¼ 1þ l� 1

2
m

� �
E2 ½E2;E3� ¼ 1� l� 1

2
m

� �
E1;ð26Þ

where l ¼
ffiffiffiffiffiffiffiffiffiffiffi
1� k

p
. Throughout this section we will assume that M is not a

Sasakian space form. Hence we assume that k < 1 and therefore l > 0.
As fE1;E2;E3g form an orthonormal basis of the tangent space, applying the

Koszul formula gives:

‘E1
E1 ¼ 0 ‘E1

E2 ¼ ð1þ lÞE3 ‘E1
E3 ¼ �ð1þ lÞE2

‘E2
E1 ¼ ð�1þ lÞE3 ‘E2

E2 ¼ 0 ‘E2
E3 ¼ ð1� lÞE1

‘E3
E1 ¼ � 1

2
mE2 ‘E3

E2 ¼
1

2
mE1 ‘E3

E3 ¼ 0

We now assume from now on that M admits a conformal vector field V . Using
the previously defined frame we can write V ¼ a1E1 þ a2E2 þ a3E3, where a1, a2,
a3 are well defined functions on M. Using the conformal equation (8) we find
that the functions a1, a2, a3 satisfy the following system of di¤erential equations:

E1ða1Þ ¼ E2ða2Þ ¼ E3ða3Þ ¼ r

E2ða1Þ þ E1ða2Þ ¼ 2a3l

E3ða1Þ þ E1ða3Þ þ a2 1þ lþ 1

2
m

� �
¼ 0

E2ða3Þ þ E3ða2Þ þ a1 �1þ l� 1

2
m

� �
¼ 0:

Hence introducing local functions b1, b2, b3 by

b1 ¼ E2ða1Þ � a3l

b2 ¼ E3ða1Þ þ
1

2
a2 1þ lþ 1

2
m

� �

b3 ¼ E3ða2Þ þ
1

2
a1 �1þ l� 1

2
m

� �

we find that the functions a1, a2, a3 satisfy the following system of di¤erential
equations:
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E1ða1Þ ¼ r E1ða2Þ ¼ �b1 þ a3l E1ða3Þ ¼ �b2 �
1

2
a2A

E2ða1Þ ¼ b1 þ a3l E2ða2Þ ¼ r E2ða3Þ ¼ �b3 �
1

2
a1B

E3ða1Þ ¼ b2 �
1

2
a2A E3ða2Þ ¼ b3 �

1

2
a1B E3ða3Þ ¼ r

where A ¼ 1þ lþ m

2
and B ¼ �1þ l� m

2
. We now introduce another set of

auxiliary functions r1, r2, r3 through the conditions

E1ðrÞ ¼ r1; E2ðrÞ ¼ r2; E3ðrÞ ¼ r3:

Then we have the following lemma:

Lemma 3. The integrability conditions for the di¤erential equations for the
functions a1, a2, a3 imply that the functions b1, b2, b3 satisfy the following system
of di¤erential equations:

E1ðb1Þ ¼
1

4
ð4ðr2 þ b2ð2þ lÞÞ þ a2ðl� 2Þð2þ 2lþ mÞÞ

E2ðb1Þ ¼
1

4
ð�4ðr1 þ b3ðl� 2ÞÞ � a1ð2þ lÞð�2þ 2l� mÞ

E3ðb1Þ ¼ �r

E1ðb2Þ ¼
1

4
ð4r3 þ b1ð�6� 6lþ mÞ þ a3lð�2� 2lþ 3mÞÞ

E2ðb2Þ ¼
1

4
ð2þ 2l� mÞr

E3ðb2Þ ¼
1

16
ð�16r1 þ 4b3ð2þ 2l� 3mÞ þ a1ð�12þ 12l2 � 4m� 8lmþ m2ÞÞ

E1ðb3Þ ¼
1

4
ð�2þ 2lþ mÞr

E2ðb3Þ ¼
1

4
ð4r3 þ a3lð2� 2l� 3mÞ þ b1ð�6þ 6lþ mÞÞ

E3ðb3Þ ¼
1

16
ð�16r2 þ 4b2ð�2þ 2lþ 3mÞ þ a2ð�12þ 12l2 � 4mþ 8lmþ m2ÞÞ

Proof. Using the fact that both l and m are constant, we find that

E2ðE1ða3ÞÞ ¼ �E2ðb2Þ �
1

4
ð2þ 2lþ mÞr

E1ðE2ða3ÞÞ ¼ �E1ðb3Þ þ
1

4
ð2� 2lþ mÞr:
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As

E1ðE2ða3ÞÞ � E2ðE1ða3ÞÞ ¼ ½E1;E2�a3 ¼ 2E3ða3Þ ¼ 2r;

we find that

�E1ðb3Þ þ E2ðb2Þ þ
1

2
ðm� 2Þr ¼ 0:

Similarly, we find that

�4ðr1 þ b3ðl� 2ÞÞ � a1ð2þ lÞð�2þ 2l� mÞ � 4E2ðb1Þ ¼ 0

ð�6þ 2lþ mÞr� 4E3ðb1Þ � 4E1ðb3Þ ¼ 0

ð4r3 þ 2a3l� 2a3l
2 � 3a3lmþ b1ð�6þ 6lþ mÞ � 4E2ðb3Þ ¼ 0

a2ð�12þ 12l2 � 4mþ 8lmþ m2Þ þ 4ð�4r2 þ b2ð�2þ 2lþ 3mÞÞ � 16E3ðb3Þ ¼ 0

a1ð�12þ 12l2 � 4m� 8lmþ m2Þ þ 4ð�4r1 þ b3ð2þ 2l� 3mÞÞ � 16E3ðb2Þ ¼ 0

ð6þ 2l� mÞrþ 4E3ðb1Þ � 4E2ðb2Þ
4ðr2 þ b2ðlþ 2ÞÞ þ a2ð2� lÞð�2� 2l� mÞ � 4E1ðb1Þ ¼ 0

ð4r3 � 2a3l� 2a3l
2 þ 3a3lmÞ þ b1ð�6� 6lþ mÞ � 4E1ðb2Þ ¼ 0

Looking at the above equations as a system of linear equations in the derivatives
of the functions bi and solving this system of equations explicitly completes the
proof.

Note that the above equations can also be obtained using

ð£V‘ÞðX ;YÞ ¼ drðXÞðYÞ þ drðYÞX � hX ;YiDr;

which is a straightforward consequence of the fact that V is a conformal vector
field, see [13].

Similarly expressing in the same way the integrability conditions for the
functions b1, b2, b3, we find that r1, r2, r3 satisfy the following system of
di¤erential equations:

E1ðr1Þ ¼ ð1� l2 þ m� 2lmÞr
E2ðr1Þ ¼ r3ðl� 1Þ þ lmð�2b1 þ a3ðm� 2ÞÞ

E3ðr1Þ ¼ � 1

2
mr2 � ðl� 1Þðð2þ 2lþ mÞb2

� 1

4
ð�12þ 4l2 þ 4lðm� 2Þ � 4mþ m2Þa2Þ

E1ðr2Þ ¼ r3ðlþ 1Þ þ lmð�2b1 þ a3ðm� 2ÞÞ

E2ðr2Þ ¼ ð1� l2 þ mþ 2lmÞr
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E3ðr2Þ ¼
1

2
mr1 þ ðlþ 1Þðð2� 2lþ mÞb3

� 1

4
ð�12þ 4l2 � 4lðm� 2Þ � 4mþ m2Þa1Þ

E1ðr3Þ ¼ �r2ð1þ lÞ þ ðl� 1Þð�ð2þ 2lþ mÞb2

� 1

4
ð�12þ 4l2 þ 4lðm� 2Þ � 4mþ m2Þa2Þ

E2ðr3Þ ¼ r1ð1� lÞ þ ð1þ lÞððmþ 2� 2lÞb3

� 1

4
ð�12þ 4l2 � 4lðm� 2Þ � 4mþ m2Þa1Þ

E3ðr3Þ ¼ ð�3þ 3l2 � mÞr:

At this point it is easy to verify that the integrability conditions for the system of
di¤erential equations determining r are trivially satisfied. However, computing

E2ðE1ðr3ÞÞ � E1ðE2ðr3ÞÞ ¼ �2E3ðr3Þ;
we find that

ð2þ l2ðm� 2Þ þ mÞr ¼ 0:

As r was supposed to be non vanishing this implies that

m ¼ 2ðl2 � 1Þ
1þ l2

:

Using

E3ðE1ðr2ÞÞ � E1ðE3ðr2ÞÞ ¼ 1þ l� 1

2
m

� �
E2ðr2Þ;

we find that

lðl2 � 1Þ2ð3þ l2Þr ¼ 0:

Hence, as we assumed that l was positive, it follows that l ¼ 1. A straight-
forward computation shows that in the case that l ¼ 1, hence k ¼ 0 and m ¼ 0,
all integrability conditions are satisfied. Thus we proved

Theorem 3. If a 3-dimensional non-Sasakian ðk; mÞ-contact manifold admits a
non-Killing conformal vector field, then it is locally flat.

We now construct all possible conformal vector fields in this case.
First, we notice, by a straightforward computation, that all components of

the curvature tensor vanish identically, i.e. M is flat. Moreover, we see that the
integrability conditions for the following function y are satisfied:

E1ðyÞ ¼ �2; E2ðyÞ ¼ E3ðyÞ ¼ 0:
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Hence for any initial condition y a local solution exists. Let y be such a solu-
tion. Then it follows that

½cos yE2 þ sin yE3;�sin yE2 þ cos yE3� ¼ ½E2;E3� ¼ 0

½E1; cos yE2 þ sin yE3� ¼ E1ðyÞð�sin yE2 þ cos yE3�Þ
þ cos y½E1;E2� þ sin y½E1;E3� ¼ 0

½E1;�sin yE2 þ cos yE3� ¼ 0:

This means that there exist local coordinates u, v, w on M such that
q

qu
¼ E1,

q

qv
¼ cos yE2 þ sin yE3 and

q

qw
¼ �sin yE2 þ cos yE3. From the above di¤erential

equations for y it follows that we can take y ¼ �2u. Note that as these coor-
dinates are mutually orthogonal coordinates, we can identify these coordinates
with the standard coordinates of R3. We also have

E2 ¼ cos 2u
q

qv
þ sin 2u

q

qw
; E3 ¼ �sin 2u

q

qv
þ cos 2u

q

qw

which allows us to express our structure in terms of the usual coordinates.
Specialising the system of di¤erential equations for the functions r1, r2, r3 we

find that the only non vanishing derivatives are given by

qr2

qu
¼ 2r3;

qr3

qu
¼ �2r2

So we see that there exists constants c1, c2, c3 such that r1 ¼ c1, r2 ¼ c2 cos 2uþ
c3 sin 2u and r3 ¼ �c2 sin 2uþ c3 cos 2u. This means that the di¤erential equa-
tions for r, b1, b2, b3 now reduce respectively to

qr

qu
¼ r1 ¼ c1

qr

qv
¼ cos 2ur2 � sin 2ur3 ¼ c2

qr

qw
¼ sin 2ur2 þ cos 2ur3 ¼ c3

qb1

qu
¼ �a2 þ 3b2 þ c2 cos 2uþ c3 sin 2u

qb1

qv
¼ ðb3 � c1Þ cos 2uþ r sin 2u

qb1

qw
¼ �r cos 2u� ðc1 � b3Þ sin 2u
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qb2

qu
¼ �a3 � 3b1 þ c3 cos 2u� c2 sin 2u

qb2

qv
¼ r cos 2u� ðb3 � c1Þ sin 2u

qb2

qw
¼ ðb3 � c1Þ cos 2uþ r sin 2u

qb3

qu
¼ 0

qb3

qv
¼ c3

qb3

qw
¼ �c2

Similarly the di¤erential equations for the functions a1, a2, a3 reduce to

qa1

qu
¼ r

qa1

qv
¼ ða3 þ b1Þ cos 2uþ ða2 � b2Þ sin 2u

qa1

qw
¼ �ða2 � b2Þ cos 2uþ ða3 þ b1Þ sin 2u

qa2

qu
¼ a3 � b1

qa2

qv
¼ r cos 2u� b3 sin 2u

qa2

qw
¼ b3 cos 2uþ r sin 2u

qa3

qu
¼ �a2 � b2

qa3

qv
¼ �b3 cos 2u� r sin 2u

qa3

qw
¼ r cos 2u� b3 sin 2u:

In order to solve these equations, we first note that r ¼ c1uþ c2vþ c3wþ c4 and
b3 ¼ c3v� c2wþ c5. Next looking at the di¤erential equations for a3 þ b1 and
a2 � b2, we find that there exist constants c6 and c7 such that

b1 ¼ �a3 þ ðc2u� c1vþ c6Þ cos 2uþ ð�c1wþ c3uþ c7Þ sin 2u

b2 ¼ a2 þ ðc1v� c2u� c6Þ sin 2uþ ð�c1wþ c3uþ c7Þ cos 2u
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Finally solving the final di¤erential equations we get that there exist constants c8,
c9, c10 such that

a1 ¼ ðc8 þ c4uþ c6vþ c2uvþ c7wþ c3uwþ 1

2
c1ðu2 � v2 � w2Þ

a2 ¼ Cðu; v;wÞ cosð2uÞ þDðu; v;wÞ sinð2uÞ
a3 ¼ �Cðu; v;wÞ sinð2uÞ þDðu; v;wÞ cosð2uÞ

where Cðu; v;wÞ ¼ c9 � c6uþ c4vþ c1uvþ c5wþ c3vw� 1
2 c2ðu2 � v2 þ w2Þ and

Dðu; v;wÞ ¼ c10 � c7u� c5vþ c4wþ c1uwþ c2vw� 1
2 c3ðu2 þ v2 � w2Þ.
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